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The North Sea problem IIT

Influence of a stationary windfield upon a bay

1

with an exponentially increasing depth

by

H.A, Lauwerier

4. Introductlon
In this paper which is a generalization and a continuation of

the preceding paper we shall study the influence of a stationary
linear windfield upon a rectangular bay which has a variable depth.
It will be assumed in particular that the depth is given by the
exponential law (2.1)9 In that respect this model is a much better
representation of the North Sea than the model considered in the
preceding paper, This is demonstrated in figure 2.1 in which the
depth profile of a longitudinal cross section of the North Sea is
given.

The treatment follows closely that of the preceding paper. In order
to facilitate the references the same notations will be used. Also
in the numerical application the same values will be taken. In the
present model the depth varies from 33 m at the "Dutch" coast to
about 158 m at the ocean boundary. The mean harmonic depth hm is
then 65 m which equals the uniform depth of the model of the‘preceding
paper.

The elevation at the "Dutch" coast due to the linear windfield
(2.7) is given by table 6.4 and is graphically illustrated in figure
6.1. In order to estimate the influence of the rotation of the Earth
the elevation has also been calculated for €2 =0. The elevation at

the middle of the "Dutch" coast is given below for the various cases.
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-6.28V_ - 2,72V, - 4,04V, ;
Dre Vo | /,1 1. C \2 3
; Uniform depth hw,.ﬁ.ﬁO
(1.2) Tta“qgh“ §(za,0) = 1.31 U_ + 0.64 o €.19 T, %
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Exponential depth, £ =0
-1

(453) wa gh Y(3a,0) = 0.51 U, +

-6.28 V_ -4, 04 V,
Uniform depth hm,‘ﬁ.:c
(’I.J—P) Waﬁqghm ¥ (32,0) = 0.26 Uf] 2

~6.28y5 -3.14% v, .

The left-hand side indicates how these results must be interpreted
if for a and hm arbitrary values are chosen., In our case with
a=400 km and hm:65 m we have

- o 3 o
Eq55) xa gh. =5.0 1107 m/sec”.
The relation between the absolute value of the frictional force of

the wind and the velocity of the wind at sealevel is given by

R e -6 D
(1.6) \/U‘+V‘ =50 A Voo
By means of (1.5) and (1.6) the elevation can be found in meteps

(ef. also section II 6).

The general conclusion can be drawn that by the combined
effect of the bottom slope (x) and the Coriolis force (£) the in-
fluence of the rotation terms of the windfield 1is greatly enhanced,
The preliminary conclusions of the previous paper can now be given
the more definite form
1. For a uniform N-S wind the elevatlon at the "Dutch" coast does

not depend on the bottom profile nor on the rotation of the earth.

2, For a uniform W-E wind the elevation at the "Dutch" coast is much

influenced by o« and ..

3. For the given model the most unfavorable direction for a uniform
wind as regards the elevation at the "Dutch"' coast is about 15°
NNW,

4. The influence of &« and upon the contributions of the diver-
gence terms U, and V, to the elevation at the "Dutch" coast is
rather small,

The 1influence of « and ©. upon the contributions of the rotation

terms U2 and V,,| to theelevation at the south coast is very large,

Ul




2, The mathematical problem

If the depth of the bay is given by the exponential law

e h = n_ ey

3

the stationary state of the bay is determined by the equations

2 5 PO
(Al » X o
AU -V + ce“ VY 2L -y
< N N ) 0] 2X
Gy s
D Dy .
c ot 8 e
AV +ou + c“e Y 28 _ y
0 Y
E)_._i Lo ?.Y_ = 0
X oy ’
with the boundary conditions
{ u=0 at x=0 and X=a
12.3) 1 V=0 at y=0
§=0 at y=b .

The meaning of € is as follows

The harmonic mean hm of the depth is given by

oy P A *‘E(Xb \ -—'/}
(2.5) h = 2« b(1-e ) hy
we shall also write

(o 6 a2 Gel h

\&oe \ @ ) vfn = {3 Al’ﬁ F}

so that By represents the mean velocity of the free waves.

We shall take the same numerical case as in the previous paper

Vb 1
a = 400 km 2 = 0,44 n
b = 800 km X = 009 B
= ﬂ 5 m L = N L4
hm 92 1 > /¥ :

Then according to (2.1) the depth increases from 33 m at the south
coast to about 158 m at the ocean (see figure 2,1).
If x and y are measured in units of a/w the dimensionless values

of a,b and « are respectively a=w , b=2® , « = ‘,

(@

As 1n the previous paper we shall restrict ourselves to the

discussion of the influence of a linear windfield of the following
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3. A particular case
For the following windfield

E3.1) U=20 V = V(y)

in the stationary state the stream is absent. In this case the
quantities 7,0 and h may even be arbitrary functions of y. The

ey

solution of the equations (2.2) is

{02 ) u=v=0, g §(x,¥) = - [ h7(y) V(y)dn .

Hence the stationary state appears to be independent of a and . .
If V(y) 1s a constant, say V=V, the result (3.2) reduces to
(3.3) ghy, §(x,0) = -b V_

at the "Dutch" coast y=0. We note that for a sea of variable depth

the same result is obtained as for a sea with the uniform harmonic

mean depth h:hm. For that reason the models considered in this and

in the previous paper may be successfully compared to each other.
If the windfield (3.1) is linear,

(3.4) U=0 , V=V + V (1=y/b]),
the result (3.2) gives for y=0

{3.5) 8hm k5<X:o) = ‘“bVO 2 b</l“ym/b>vga

where

h [b
(3.6) i
b 0 *

m
Il

In the numerical case considered here we find

E37) cé f(x,0) = -2xV_ - 4,04 ¥




4, Method of solution
The treatment of the problem of the second scction is very
similar to that of the similar problem of section II 2 of the

previous paper. Again a streamfunction ¢(x,y) is introduced by

means of

)
=

|

(%.1) e . AV =

o
b

From the equations (2.2) it follows by elimination of ¥ that
(42) ﬂ(%%-—zg) + 202U - 2602V = R + 2« U,

Fal

where R represents the rotation of the windfield (6f: 21 3.1)

) =2 o3l
(4.3) R= o .

EN
Substitution of (%.1) in (4.2) gives a partial differential equa-
tion for the streamfunction

(4.4) A - oh 2 . pyite snan B
- X 2y

where

(4.5) p def xQ /A

The boundary conditions are
a the coast condition,

(4.6) b =0 at x=0, x=% , y=0;

b the ocean condition,

2 2 (
(4.7) 5§-+ tg uw 3% = U at y=b,
with
(4.8) AL def % arctg é%

The problem of finding the streamfunction will be solved in
the same way as in II 3., First a simple solution ¢O(x,y) satis-
fying the differential equation (4.4) and the boundary conditions
at x=0 and x=w will be derived.

This function can be constructed as follows. We introduce the fol-

lowing two auxiliary functions which have the property of vanishing

abto X=0-and xX=1




(4.9) 7’@<“:> agt ix(w-x),

[ 2Ax \
5 def c | e T =1 X
(4.10) ¢ (x) 987 = | o ;/) .

If these functions are substituted in the left-hand side

+a

we find the following results

(4.11) ¢ (x)—> -(1+AT) + 2Ax

(4.12) @q(x) — 1,

Further we have

(4,13) X f@(x)-«>v Zééi*f . :\ + 3x + 2A @q(x),

-

(&.14) Voo (x

Hence for $O(x,y) the following expression can easily be derived

AT
2xU

n s TT /I Lo g !
(ka5 bo(xﬁf) = (R + éﬁ-Uo>Wﬂ s (@quﬁ) +

% )
i
20, 29,
Gl A7 A d D _. — ) = 0
(4.17) A D, PA = 2% —= 0,

and the boundary conditions

(4.18) b, =0 at x=0 and x=7% .

)

The elementary solutions of (4.17) and (4.18) are of the
(cf. II 3.11)

;
Ax (%t 00y
(4.19) e"* sin nx e o

forn=1,2,3,...; Where

(4.20) b

form




Hence we may put (cf. II 3.12)
/
= o oo N
ax &2 Y (4= )
(4.21) @q(x,y) = e J_ c.5in nx e +
n="1,
A 0 ~(b-y) (o + o)
=rer = d s%n pDx.e .
n="1
The coast condition (=0 at y=0 gives by using (4.16) and (4.18)
O() N )
Y  SERET R . -AX 4 ./» o
(4.22) /. ¢,8in nx = -e po(x,d) + 0(e™ ),
h=1
where the order term contains the contributions of the terms with
the coefficients d_ (cf, II 3.18).
The coefficients c_ can be obtained by means of (4.22) and (4.15).
The explicit expression of ¢_ will not be written down in view of
1ts intricacy. We shall mention only its asymptotic behaviour, viz.
2 ) N "’e_p“?C y
(#.23) cp= —=5 { R+2a(U +U+U,)} +(-1)"7 " o | R42&(U,-U,+U,) } +
' S ok IR 2 EA] £ oy o R 2k
¢! ¥ wn -
+ 0(n™°),
The ocean condition (4.7) gives a result that can be put in the
following form (cf.II 3.20)
Q0 n o A
e n d {0 A n X
<4_22{.) 7 = aﬁ:;_{_ic (.-cos nx + ——{-;-i tg um sin I’]X)} =
n=1 #n"%
JIUES, ¢ if (RSURE, 0 1T ) N .5"1(:‘
= U(x,b) + (3§ + tg/buax) @O(X,k) + 0(e™").
In some respects the integrated form of (4.24) has theoretical ad-
vantages.
0 b
(4.25) 2> D _(sin nx-6_cos nx) = f(x) + 0(e™°),
N="
where
PP < B
(4.26) rn IgJ_ n 11‘ -
Ao [V
()4 7) ~ def n i
. C ] = —— COTg UT
n /U’L O/ 3
and
\X "
Q LLL o . _ +f 11
(4.28) £(x) = C+cotgur [ U(y,b)d§ + d (x,0) +
o e Tl
- en s i 8 A7 ¢
M G JCQ TS —_— ) ¢ b d
S =7 J\ ay 40\/3 ) 2 5
where C is a constant of integration.




Since it follows from (4.27) and (4.20) that for n-

the properties of the expansion (4.25) can be easily deduced from

those of the simpler expansion

(4.30) 2 D cos(nx+um) = F(x), 0 <x<rw,

where F(x) may be considered a given function. The latter expansion
has been considered in section II 4 of the previous paper. A more
detalled treatment 1s given in Lauwerier (2). The main result is

the asymptotic behaviour of

D,
e .
. & =) (_/])n D! -2-2
(%.31) “n pe=et - e s

where D' is a constant,

This result can be used to facilitate the numerical computation of
the coefficients dn' For the latter coefficients we find by means
of (4.26)

: (=) 5 -3+2u
)L Aar 9 . i B0 AA
(4.32) d, = Azﬁtjzzf—- 91 ¢ i ).

We shall consider in particular the elevation of the sea at the

coast y=0. In a similar way as in the previous paper the following

.23 and II 3.25),

formulae can be derived (cf. II

!

For the relative elevation at y=0 we have
5 X X

(4.33) cg{g(xjo) 2 g(o,o)} i U(y,0)d§ + j’ a% @(;,d)d} .
0 0
Substitution of (4.15), (4.16) and (4.21) gives
| 18 3 2 f \ b L 177/ % 3 QN T lﬂX
(L"J/u'/ CO Wtj{xa(\) i g(”:“)j T J}’ U(f:C>C‘f = :E:‘ LE J Wﬂk?)d? &
o) 0
00 X s b
- Z;(/LH—D)C J € ¢ sin nf 4§ + 0(e™").
n="1 b

For the absolute elevation we have (cf, II 3.26)

Sei2iin 5 [~ _—2un ‘ : -207 3
(4.55) ’\/U h) (C"(,“) = e C{ e \((\}y\))d/{l - J,f e = /_5_}z (T‘O(O’«z)(“l')& e
3 U
@®

. acad -2ab n -b
I R T e > ——d_ + 0(e™"),
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5. The problem without rotation

of the Earth

In order to get an impression of the influence of the rotation

of the Earth the problem will also be solved with the assumption

02=0, The streamfunction is now de

termined by

£5.1) a0 - 262X =R + 24U,

(5-2) (b = 0 at X=0, X=%1 , y=0,
and
(5.3) g% = =0 at y=Db

We may put by specialisation of (4.16) and (4.21)

Q -y - )
(5.4) O(x,y) = ¢O(x;y) + > c 8in nx e +
: n="1
o0 —(b-y)@uq+u)
- > d_sin nx e ) :
where now e
D /3 e
(5.’)) /’Ln iy (n:__!_(x_)d )
and
2 2X e N\
(r,'()) l)o(xjy) — -{R + 201 + %-0’ (’I-— %)Ul + ro\< |- %)LQ +
I}
20" 2
+ 3B (‘/)O(W) t o™ )} WO(X>-

The coast condition at y=0 gives by specialisation of (4,22)

e Ti c sin nx = u$o(x,d) = O(e"b) A
n=7

-

In order to find an explicit expression for ., we need the follow-

ing auxiliary integrals

L)
1%
(5.8) /‘ ¢ (x) sin nx dx ={ 1-(-1)") n"
. O\IL N L A N ~-z‘ | \ ) J d s

o

- T
(5.9) / (W—KX/r)@O(X)Sin nx dx = 3 {1+(-1)"}n"2,

0
(5.10) é {yo(x) + A qo(x)} sin nx dx = 6 i’"("') }n .

Then with neglection of the order term it follows easily that




.

J c, = gﬁ;-Uq for even n,
) TN
5l ' ‘ 2
(5.11) | Ba . Be o PORES. W BT
(¢, = == U, - 5=V, + {(2a+ =) 7 +t g U
\ 3 Yo 205 k { b 3 3 21
TN 7 T h 5 ®n- ben-
The ocean condition (5.;) gives
& / 2X 2o / -b
(oe12) g Vun+00dn sin nx = b0+bq(ﬂ_-?7) o U5¢O\X) + 0(e™7),
T1=<] ‘ i
from which, with neglection of the order term,
o
(w_+0)d_ = — U, for even n,
i = n DN |
(5,13)
4 8
g 1’ S T " 7] TT | ~ J 1
{ Q“rf a)cn = R —— U, for odd n.

The elevation at the "Dutch" coast is determined by (4.34) with
A=0 and by (4.35). We shall give here only the explicit expression

for the elevation at "Hoek van Holland", the middle of the "Dutch"

coast,
(5.14) o2 §(kw,0) afo% 48" T D ity o
e y o 2 N z 2 ! T P B = } 4
ho ; -b
T {2y CF ROk W L o(el®),

We note that the contributions of the components UO,UG and V_, vanish
at this point.




s 6, Numerical application
The calculation of the e

levation at the "Dutch" coast due to

the linear windfield (9.7) may be carried out with the help of

(4.34) and (4.35
In the first place we need the coefficients Cpy e They are linear
expressions Uo’ U~ and Vq The factors of which are given in the
<,
following table for a few values of n.
U ! U | U. Voo
5 Uy > Vo
c, 0,094 0,017 0,154 -0 y230
s 0,014 0,016 Q022 -0,036
03 0,006 0,004 0,010 -0,016
Cy 0,002 0,003 0,003 ~-0,005
Ci 0,001 0,001 0,002 -0,004
A
table 6,1
: The calculation of the relative elevation by means of (4.34) gives

the following result

@) ” n lal D D
OX/TTL ~J/l = \_/,‘: DO ‘,.,] ‘Ug
0 0 0 0
1 )7 O} 7‘_7‘/ Osj6 o) 0305 0
2 0,70 0,54 0,66 0 .21 0
3 2| 0,66 0,93 0 ,40 | O
I 3 0,69 ¢ Py 0 0,62 | O
5 3 0,64 1,46 0 0,86 0
6 3 0,52 P 0 1,06 | O
7 4 0,29 1,99 0 41539 0
8 59 | -0,04 2,33 0 1,4 0
table 6.2
= where
= 2 $ 1 1 T y ~ T | T
Sy cg X)(x,o)« S(J,O)j = C Uy + CU, + CoU, +

D V_+ DV, +D.V, .
o O | c

/]




- =43 =
- For the absolute elevation, which is given by (4.35), we write
= s
o2 ¢ H¥0,0) =1 4 II % IIT;
where
rb 5 b S
a¥ el 4 7 <7 \ - g / w2 DK 0 o 1
(b-)) I = - J € (C,//)(J/{’ e Ji ( ¢ =% '4})0<OJ/L7)DI7 3
0 o
00
(6.4) IT= ) -Z—c ,
r;:‘j.. /cnr' L
e -2ub Q" n
(6.5) III = -e ° > e i
n=1 “n~ " °
The calculation of the expressions I and II is simple and straight-
forward. The calculation of III, however, requires the calculation
of the coefficients dn which 1is a rather difficult problem. We shall
not give a detailed description of the numerical process, but we
restrict ourselves to the remark that much profit has been obtained
from the asymptotic expressions (4.31) and (4.32). The results of
the calculation are given below, however without the contribution
of the components V_ and V,.
U U J05E A
0 1 2 ¥
T -0,58 -0,34 -0,67 -1,68
it 0,10 0,04 & g ~-0,26
I1T -0,01 -0,01 0,01 -0,05
table 6.3
We note that the contribution from III is very small, From this table
and from (3.7) it follows that
D
#i 2 | 17 Oy 2 1T 1 )i T !
/ ~¢c_ §(0,0) = 0.49 Up + 0.31 U, + 0.49 U, +
(6.6) & ) s ‘ )
F 3TN 199V, ¢ B8 00,
0] ! ot
The results of table 6.2 and formula (6.6) may be combined in order

‘ to give the absolute elevation c §5(x,0).




1 -0,2 0,04 -0,26 : -3,

2 O,)] ~ C’,Mb f’,)%’ 1 _2’)/‘ 1
3 1,05 0,69 0,88 ' -3,15 i
4 1,67 0,71 1,43 k -2,72 "
5 2,26 0,65 1,92 5 220 d
6 2,86 0,42 >, 46 H -1,84 Y
7 ))547 O,O),L 2y57 4 - 535 ¢
8 4,16 -0,69 3,65 : =457 >

where now

i
(6.7) eq T(x,0) = C U +C.U, +CLU, +

tD V. o+ quw + DV, .
A graphical illustration of this table is given in figure 6.1
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© The calculation of the clevation with absence of the rotation
of the Earth can be carried out by means of (4.,34) and (5.14). With
the notation of (6.7) the following table can be constructed
~ ~ lal n ™ 'p) —~
BX’/K 'JO J/.I ‘,'2 A_/O _._4‘ 4/,,:3
0 -2.,54 -0.89 -2.,26 | -6,28 .| -1,49 -4,04
/1 w/].8"/‘? ~—Ou26 __/1057 11 _‘/1“’3 . 1
2 ~1.19 0.18 | -1.07 F -0.95 £
3 ~0.59 .44 1 -0.52 " -0.50 L
Y 0 0.52 0 £ 0 !
5 0.59 0.44 0,52 4 0.50 ¥
6 1.19 0.18 1.01 4 0.95 :
7 1.82 -} -0,26 1.57 : 1.51 !
8 2.54 -0.89 2.26 v 1.49 4
|
table 6.5
Literature
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